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For a theory in which a scalar field φ has a nonminimal derivative coupling to the Einstein tensor
Gµν of the form φGµν∇µ∇νφ, it is known that there exists a branch of static and spherically-
symmetric relativistic stars endowed with a scalar hair in their interiors. We study the stability of
such hairy solutions with a radial field dependence φ(r) against odd- and even-parity perturbations.
We show that, for the star compactness C smaller than 1/3, they are prone to Laplacian instabil-
ities of the even-parity perturbation associated with the scalar-field propagation along an angular
direction. Even for C > 1/3, the hairy star solutions are subject to ghost instabilities. Thus, the
general relativistic branch with a vanishing field derivative is the only stable star configuration in
such a derivative coupling theory, including both relativistic and nonrelativistic compact objects.
I. INTRODUCTION
There have been many attempts for the construction of gravitational theories beyond General Relativity (GR) [1–3].
This is mostly motivated by the firm observational evidence of inflation, dark energy, and dark matter [4]. Usually,
new degrees of freedom (DOFs) are taken into account to address these problems. One of the candidates for such new
DOFs is a scalar field with associated potential and kinetic energies. If the scalar field is present in today’s Universe,
it can affect the configuration of compact objects. In particular, after the dawn of gravitational-wave astronomy [5, 6],
it is a great concern to search for the signature of new DOFs beyond GR around strong gravitational objects like
black holes (BHs) and neutron stars (NSs) [7, 8].
For the canonical scalar field minimally coupled to gravity, the asymptotically flat and stationary BH solutions are
characterized by only three physical quantities–mass, electric charge, and angular momentum [9–14]. This “no-hair”
BH theorem also holds for scalar-tensor theories in which the scalar field φ is coupled to the Ricci scalar R of the form
F (φ)R [15–17]. The no-hair property of BHs does not persist in theories with nonminimal scalar derivative couplings
to the Ricci scalar and Einstein tensor [18–23]. The most general scalar-tensor theories with second-order equations
of motion accommodating such couplings are known as Horndeski theories [24–27].
In shift-symmetric Horndeski theories, there are conditions for the absence of static, spherically-symmetric and
asymptotically flat BH solutions with a nonvanishing radial scalar derivative φ′(r). This is associated with the
conservation of the scalar-field current Jµφ such that ∇µJµφ = 0 [28], where ∇µ is the covariant derivative operator.
The radial current component Jrφ can be expressed in the form J
r
φ = φ
′grrF (φ′; g, g′, g′′), where grr is the rr component
of metric tensor gµν and F contains φ′ and derivatives of gµν . Provided that the scalar product gµνJ
µ
φJ
ν
φ is regular,
the regularity of Jrφ on the BH horizon requires that J
r
φ = 0 everywhere. If F neither vanishes nor contains negative
powers of φ′, the allowed field profile consistent with Jrφ = 0 is the no-hair solution with φ
′(r) = 0. One counter
example is a linearly time-dependent scalar field φ(t, r) = qt+ χ(r) [29], in which case F = 0 from the field equation
of motion. This leads to hairy BH solutions with a static metric [30–32], including the stealth BH solution [29]. A
negative function F can be realized by a Gauss-Bonnet term linearly coupled to φ, in which case the hairy BH is also
present [21, 22].
For NSs in scalar-tensor theories, the existence of matter can give rise to nontrivial static and spherically-symmetric
solutions which do not have an analogy with BHs. For instance, the nonminimal coupling F (φ)R allows the presence
of hairy solutions where the mass and radius of NSs are modified from those in GR. This is the case for Brans-Dicke
theory and f(R) gravity [33–40], in which the solutions with nonvanishing φ(r) are present. For the nonminimal
coupling containing the even power of φ, there exists nonrotating scalarized NS solutions with φ(r) 6= 0 besides the
GR branch with φ(r) = 0 [41, 42] (see Refs. [43–45] for rotating solutions). If one considers the function F (φ) = e−βφ
2
with a negative coupling constant β, the GR branch can trigger a tachyonic instability to reach the other nontrivial
branch [46–49], whose phenomenon is dubbed spontaneous scalarization. In such theories, the scalarized NS solutions
are stable against odd- and even-parity perturbations on the static and spherically-symmetric background [50].
In shift-symmetric Horndeski theories with matter minimally coupled to gravity, there is a no-hair theorem for stars
[51] generalizing the BH case. The theorem states that, under the following three conditions, the allowed solution is
only the GR branch with φ′(r) = 0: (i) φ and gµν are regular everywhere, static and spherically symmetric, (ii) space-
time is asymptotically flat with φ′ → 0 as r →∞, and (iii) there is a canonical kinetic term X = −(1/2)gµν∇µφ∇νφ
in the action, where the action is analytic around a trivial scalar-field configuration. To realize hairy NS solutions,
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2we need to break at least one of these conditions.
If we break the condition (iii), the shift-symmetric Lagrangian L = G4(X)R+G4,X(X)
[
(φ)2 − (∇µ∇νφ)(∇µ∇νφ)
]
with G4(X) = 1/(16piGN) + ηX/2 and G4,X = dG4/dX = η/2, where GN is the Newton gravitational constant and η
is a constant of the derivative coupling, can give rise to hairy NS solutions [52–54]. This theory is equivalent to the
nonminimal derivative coupling (NDC) G5(φ) = −ηφ/2 with the Lagrangian L = R/(16piGN) + G5(φ)Gµν∇µ∇νφ,
which belongs to a subclass of Horndeski theories. The NS solutions in NDC theory have an interesting property
that the scalar hair is present only inside the star with an external vacuum [52]. At the background level the mass-
radius relation in NDC theory does not significantly differ from that in GR, but the quasi-normal mode of odd-parity
perturbations exhibits notable difference between the two theories [55].
In this paper, we study the stability of hairy NS solutions in NDC theory with a radial-dependent field profile φ(r)
by considering odd- and even-parity perturbations on the static and spherically-symmetric background. We do not
consider a time-dependent scalar-field configuration like φ(t, r) = qt+χ(r), by reflecting the fact that the BH solutions
with q 6= 0 are generally prone to instabilities against odd-parity perturbations [56, 57]. We deal with baryonic matter
inside the star as a perfect fluid described by a Schutz-Sorkin action [58–60].
The hairy NS solutions in NDC theory are stable against odd-parity perturbations with a superluminal radial
propagation speed. However, we show that the angular propagation speed squared of scalar-field perturbation δφ
in the even-parity sector is negative around the surface of NSs for C < 1/3, where C is the star compactness. This
leads to Laplacian instabilities for the perturbations with large multipoles l in the angular direction. Even for some
specific EOSs which give the compactness C > 1/3, there is a ghost instability of even-parity perturbations. Thus,
the compact star solutions in NDC theory with φ(r) 6= 0 are always unstable. This property is mostly related to the
nonstandard propagation of δφ induced by the absence of standard kinetic term X in the action.
II. HAIRY RELATIVISTIC STARS WITH NONMINIMAL DERIVATIVE COUPLING
We consider the action of NDC theory given by
S =
∫
d4x
√−g
[
1
16piGN
R+G5(φ)Gµν∇µ∇νφ
]
+ Sm , (2.1)
where g is the determinant of metric tensor gµν , and
G5(φ) = −1
2
ηφ , (2.2)
where η is a constant. After the integration by parts, this theory is equivalent to the quartic-order nonminimal
derivative coupling G4(X) = 1/(16piGN) + ηX/2 in Horndeski theories [26]. In other words, the action (2.1) with the
quintic coupling (2.2) belongs to a subclass of shift-symmetric Horndeski theories invariant under the shift φ→ φ+ c.
For the matter sector, we consider a perfect fluid minimally coupled to gravity, which is described by the Schutz-
Sorkin action [58–60],
Sm = −
∫
d4x
[√−g ρ(n) + Jµ(∂µ`+Ai∂µBi)] . (2.3)
Here, the matter density ρ is a function of the fluid number density n, which is related to a vector current field Jµ in
the action (2.3), as
n =
√
gµνJµJν
g
. (2.4)
The fluid four-velocity uµ is given by
uµ =
Jµ
n
√−g , (2.5)
which satisfies uµuµ = −1. The scalar quantity ` in Eq. (2.3) is a Lagrange multiplier with the notation ∂µ` ≡ ∂`/∂xµ,
whereas the spatial vectors Ai and Bi (with i = 1, 2, 3) are the Lagrange multiplier and Lagrangian coordinates of
the fluid, respectively. Both Ai and Bi are nondynamical intrinsic vector modes, so that they affect the evolution of
dynamical fields through constraint equations. Varying the action (2.3) with respect to `, it follows that
∂µJ
µ = 0 , (2.6)
3which corresponds to the current conservation of the perfect fluid.
Since ∂n/∂Jµ = −uµ/√−g, the variation of Eq. (2.3) with respect to Jµ gives
∂µ` = ρ,nuµ −Ai∂µBi , (2.7)
where ρ,n ≡ ∂ρ/∂n. Varying the Lagrangian Lm = −[√−g ρ(n)+Jµ(∂µ`+Ai∂µBi)] in Eq. (2.3) with respect to gµν , we
can derive the matter energy-momentum tensor Tµν . On using Eq. (2.7) and the relation δn = (n/2) (gµν − uµuν) δgµν ,
we obtain
Tµν ≡ − 2√−g
δLm
δgµν
= (ρ+ P )uµuν + Pgµν , (2.8)
where P is the matter pressure defined by
P ≡ nρ,n − ρ . (2.9)
Thus, the matter action (2.3) leads to the standard form of perfect-fluid energy-momentum tensor (2.8). This obeys
the continuity equation,
∇µTµν = 0 . (2.10)
The current conservation (2.6) is equivalent to the equation uν∇µTµν = 0 following from Eq. (2.10) [50, 61].
We consider a static and spherically-symmetric background given by the line element,
ds2 = −f(r)dt2 + h(r)−1dr2 + r2 (dθ2 + sin2 θ dϕ2) , (2.11)
where f(r) and h(r) are functions of r. On this background the four velocity in the fluid rest frame is given by
uµ = (−f(r)1/2, 0, 0, 0), so that the energy-momentum tensor (2.8) reduces to
Tµν = diag (−ρ(r), P (r), P (r), P (r)) . (2.12)
The matter continuity Eq. (2.10) yields
P ′ +
f ′
2f
(ρ+ P ) = 0 , (2.13)
where a prime represents the derivative with respect to r. From Eq. (2.5), the vector field Jµ is expressed as
Jµ =
(√−g n(r)f−1/2(r), 0, 0, 0) , (2.14)
where n depends on r alone, and
√−g = f1/2h−1/2r2 sin θ. Since Ai = 0 on the background (2.11), Eq. (2.7) gives
∂µ` =
(
−ρ,n(r)f(r)1/2, 0, 0, 0
)
. (2.15)
For the background scalar field, we consider the configuration,
φ = φ(r) . (2.16)
Varying the action (2.1) with respect to f and h, respectively, we obtain
h′ =
1− h− 4piGN[2ρr2 + ηhφ′{4hrφ′′ + (h+ 1)φ′}]
r(1 + 12piGNηhφ′2)
, (2.17)
f ′ =
f
h
1− h+ 4piGN[2Pr2 − ηhφ′2(3h− 1)]
r(1 + 12piGNηhφ′2)
. (2.18)
Variation of (2.1) with respect to φ leads to the scalar-field equation J ′φ = 0, where
Jφ = η
√
h
f
φ′ [f(1− h)− rf ′h] . (2.19)
4The conservation of Jφ arises from the fact that NDC theory with the coupling (2.2) belongs to a subclass of shift-
symmetric Horndeski theories. Thus, the equation for φ reduces to Jφ = C, where C is an integration constant. To
satisfy the boundary conditions f → 1, rf ′ → 0, h → 1, and φ′ → 0 at spatial infinity (r → ∞), we require that
C = 0. Then, we obtain
η
√
h
f
φ′ [f(1− h)− rf ′h] = 0 , (2.20)
which means that there are two branches of solutions. The first one is the GR branch with a vanishing field derivative,
i.e., φ′(r) = 0 at any distance r. The second one is the branch satisfying
f ′ =
f(1− h)
hr
. (2.21)
This is different from the corresponding equation f ′ = f(1−h)/(hr) + 8piGNPrf/h in GR. In other words, the metric
component f does not feel the matter pressure even inside a star. The main problem to be addressed in this paper is
to elucidate whether the branch (2.21) is stable or not against perturbations on the background (2.11).
Substituting Eq. (2.21) into Eq. (2.18), it follows that
ηhφ′2 = Pr2 . (2.22)
For this branch, the field derivative φ′ is related to the fluid pressure P . Provided P > 0, the coupling constant η is
in the range,
η > 0 . (2.23)
We define the star radius rs at which the pressure vanishes, i.e., P (rs) = 0. Outside the star (r > rs), the field
derivative φ′ is 0 from Eq. (2.22).
Taking the r derivative of Eq. (2.22) on account of Eq. (2.13), both φ′′ and φ′ can be expressed in terms of ρ and
P . Then, Eq. (2.17) reduces to
h′ =
1− h− 4piGNr2[(1 + h)ρ+ 6hP ]
r(1 + 4piGNr2P )
. (2.24)
Inside the star, Eq. (2.24) differs from the corresponding GR equation h′ = (1−h−8piGNr2ρ)/r. Outside the star we
have ρ = P = 0, so Eqs. (2.21) and (2.24) are equivalent to the differential equations of f and h in GR respectively.
This means that the effect of NDC on the background spacetime appears only in the star interior. We define the mass
function M(r), as
h(r) = 1− 2GNM(r)
r
, (2.25)
as well as the mass of star, Ms ≡M(rs). Since φ′(r) = 0 outside the star, we have M(r) = Ms even at spatial infinity,
i.e., Ms corresponds to the ADM mass. For r > rs, the metric components are given by f(r) = h(r) = 1− 2GNMs/r.
Around the center of star, we impose the regular boundary conditions f(0) = fc, h(0) = 1, ρ(0) = ρc, P (0) = Pc and
f ′(0) = h′(0) = ρ′(0) = P ′(0) = 0. For the hairy branch satisfying Eqs. (2.21)-(2.24) with Eq. (2.13), the background
solutions expanded at r = 0 are given by
f(r) = fc +
4
3
piGNfc (ρc + 3Pc) r
2 +O(r4) , (2.26)
h(r) = 1− 8
3
piGN (ρc + 3Pc) r
2 +O(r4) , (2.27)
P (r) = Pc − 2
3
piGN (ρc + 3Pc) (ρc + Pc) r
2 +O(r4) , (2.28)
φ′2(r) =
Pc
η
r2 +O(r4) . (2.29)
The scalar field satisfies the regular boundary condition φ′(0) = 0. Note that we can set fc = 1 by virtue of the
time-rescaling invariance of Eq. (2.11). In GR the expansion of h is given by h(r) = 1− 8piGNρcr2/3 +O(r4), while
the forms of f(r) and P (r) are the same as Eqs. (2.26) and (2.28) respectively.
5For a given equation of state (EOS) P = P (ρ), the values of f(r), h(r), P (r), ρ(r) and φ′(r) inside the star
are known by integrating Eqs. (2.13), (2.21), and (2.24) with Eq. (2.22). In Eq. (2.22), we choose the branch with
φ′(r) > 0 without loss of generality. As an example, we consider the SLy EOS of NSs, whose analytic representation
is given in Ref. [62]. In the left panel of Fig. 1, we plot the mass function M , field derivative φ′, pressure P , ratio
P/ρ as a function of r for the central density ρc = 10ρ0 and the coupling η = r
2
s , where ρ0 = 1.6749 × 1014 g/cm3.
Since η does not appear in the differential Eqs. (2.13), (2.21), and (2.24), the star configuration is independent of the
coupling strength. As we see in Eq. (2.22), for smaller η, φ′ gets larger. Up to the star surface the function M(r)
continuously grows to the ADM mass Ms, whereas the pressure P (r) monotonically decreases toward 0. In the left
panel of Fig. 1, the perfect fluid is in a relativistic region with P/ρ ' 0.315 around the center of star. We observe
that, as r approaches rs, the ratio P/ρ decreases. Around the surface of star, the EOS is in a nonrelativistic region
characterized by P/ρ 1. From Eq. (2.29), the field derivative grows as φ′ ∝ r around r = 0. Since φ′(rs) = 0 from
Eq. (2.22), there is a point inside the star at which φ′(r) reaches a maximum. This can be confirmed in the numerical
simulation of Fig. 1.
-4.0
-3.0
-2.0
-1.0
0.0
1.0
2.0
3.0
0 0.2 0.4 0.6 0.8 1
M
ln P
φ'
ln (P/ρ)
r / rs
0.0
0.50
1.0
1.5
2.0
2.5
9 10 11 12 13 14 15
NDC
GR
rs [km]
M
s / 
M
O.
FIG. 1. (Left) M , φ′, lnP , and ln(P/ρ) versus r/rs in NDC theory with the coupling η = r2s . We choose the SLy EOS
with the central density ρc = 10ρ0, where ρ0 = 1.6749 × 1014 g/cm3. The quantities M , φ′, and P are normalized by M,
(rs
√
8piGN)
−1, and ρ0, respectively. (Right) Mass-radius relations for the SLy EOS in NDC theory (solid) and in GR (dashed).
In the right panel of Fig. 1, we plot Ms (normalized by the solar mass M) versus rs for the SLy EOS in NDC theory
with the branch satisfying (2.21). For the increasing central density ρc, the radius rs tends to decrease, together with
the growth of Ms up to the density ρc = 14.4ρ0. After Ms reaches the maximum value 1.93M, it starts to decrease
for ρc > 14.4ρ0. In comparison to the GR branch (plotted as a dashed line), the nonvanishing scalar field in NDC
theory works to reduce both rs and Ms. Independent of the coupling constant η (> 0), the mass and radius in NDC
theory are uniquely fixed for a given EOS. The mass-radius relation is not significantly different from that in GR,
but the relativistic star is endowed with a scalar hair inside the body. The difference between NDC theory and GR
manifests itself for the propagation of perturbations, as we will study in the subsequent sections.
III. ODD-PARITY PERTURBATIONS
On the static and spherically-symmetric background (2.11), the metric perturbations hµν can be decomposed into
odd- and even-parity modes with respect to a rotation in the two-dimensional plane (θ, ϕ) [63–65]. In this section,
we consider the propagation of odd-parity perturbations for NDC theory given by the action (2.1). We express the
perturbations in terms of the expansion of spherical harmonics Ylm(θ, ϕ). For the multipoles l ≥ 2 we choose the
so-called Regge-Wheeler gauge [63] in which the components hab, where a, b is either θ or ϕ, vanish. The nonvanishing
6odd-parity metric perturbation components are then given by
hta =
∑
l,m
Q(t, r)Eab∇bYlm(θ, ϕ) , hra =
∑
l,m
W (t, r)Eab∇bYlm(θ, ϕ) , (3.1)
where Q and W are functions of t and r. The tensor Eab is defined by Eab =
√
γ εab, where γ is the determinant of
two-dimensional metric γab and εab is the anti-symmetric symbol with εθϕ = 1.
For the odd-parity sector of the perfect fluid, the components of Jµ in the action (2.3) can be expressed as [50]
Jt = −n(r)
√
f(r)
√−g¯ , Jr = 0 , Ja =
∑
l,m
√−g¯ δj(t, r)Eab∇bYlm(θ, ϕ) , (3.2)
where
√−g¯ = √f(r)/h(r) r2 sin θ is the background value, and the components Ja have a perturbation δj(t, r). The
intrinsic vectors Ai and Bi can be chosen in the forms,
Ai = δAi , Bi = xi + δBi , (3.3)
with the odd-parity perturbations,
δAr = 0 , δAa =
∑
l,m
δA(t, r)Eab∇bYlm(θ, ϕ) , (3.4)
δBr = 0 , δBa =
∑
l,m
δB(t, r)Eab∇bYlm(θ, ϕ) . (3.5)
The Lagrange multiplier ` in Eq. (2.7) is not affected by the odd-parity perturbation, so that its explicit form without
containing the even-parity perturbation is given by
` = −ρ,n(r)
√
f(r) t . (3.6)
From Eq. (2.4), the perturbation of fluid number density n is expressed as
δn =
n
2r2
(
hW 2 − 2
f
Q2 +
2
n
√
f
Qδj − δj
2
n2
)[
(∂θYlm)
2 +
(∂ϕYlm)
2
sin2 θ
]
+O(ε4) , (3.7)
with ρ = ρ(r) + ρ,nδn + O(ε4), where εi represents the i-th order of perturbations. Expanding the Schutz-Sorkin
action (2.3) up to the order of ε2, the resulting second-order action contains a term proportional to δA. The variation
of this term with respect to δA leads to
˙δB = nQ−
√
f δj
nr2
, (3.8)
where a dot represents the derivative with respect to t. Substituting this relation into Sm, the resulting quadratic-order
action contains the Lagrangian,
Lδj =
√
f(ρ+ P )[(∂θYlm)
2 sin2 θ + (∂ϕYlm)
2]
2n2
√
h sin θ
δj2 . (3.9)
Varying Lδj with respect to δj, we obtain
δj = 0 , (3.10)
which means that the perturbations of Jµ in the odd-parity sector vanish. On using Eq. (3.10), the matter perturba-
tions arising from the Schutz-Sorkin action are integrated out from the total action (2.1).
The scalar field φ does not have the odd-parity perturbation. We integrate the total second-order action with
respect to θ by setting m = 0 without loss of generality. After the integration by parts with respect to t and r, the
quadratic-order action of odd-parity perturbations reduces to
S(2)odd =
∑
l
∫
dtdr
[
L
4
√
h
f
H
(
W˙ −Q′ + 2Q
r
)2
− L(L− 2)
√
fh
4r2
GW 2 + L(L− 2)
4
√
fh r2
FQ2
]
, (3.11)
7where
L = l(l + 1) , (3.12)
and
H = G = 1
8piGN
+
1
2
ηhφ′2 , F = 1
8piGN
− 1
2
ηhφ′2 . (3.13)
For the derivation of Eq. (3.11) we did not choose the branch of either GR (η = 0) or NDC (η 6= 0), so the result is valid
for both cases. The second-order action (3.11) does not contain any matter perturbations arising from the Schutz-
Sorkin action (2.3). The existence of a perfect fluid inside the star affects the dynamics of odd-parity perturbations
only through the background metric components f and h. Since the matter perturbations are fully integrated out
from the odd-parity action, the result (3.11) coincides with the second-order action of Ref. [66] derived in the context
of BH perturbations for full Horndeski theories.
Although there are two metric perturbations W and Q in Eq. (3.11), the system can be described by a single
dynamical perturbation [67, 68],
χ = W˙ −Q′ + 2Q
r
. (3.14)
To see this property, we express the action (3.11) in the form,
S(2)odd =
∑
l
∫
dtdr
{
L
4
√
h
f
H
[
2χ
(
W˙ −Q′ + 2Q
r
)
− χ2
]
− L(L− 2)
√
fh
4r2
GW 2 + L(L− 2)
4
√
fh r2
FQ2
}
. (3.15)
Varying Eq. (3.15) with respect to W and Q, it follows that both W and Q can be expressed in terms of χ and its t
and r derivatives. Substituting these relations into Eq. (3.15) and integrating it by parts, the second-order action for
l ≥ 2 reduces to
S(2)odd =
∑
l
∫
dtdr
(
C1χ˙
2 + C2χ
′2 + C3χ2
)
, (3.16)
where
C1 =
L
√
h r2H2
4f3/2(L− 2)G , C2 = −
Lh3/2r2H2
4
√
f(L− 2)F , C3 = −
L
√
hH
8(L− 2)f5/2F2 C˜3 , (3.17)
and
C˜3 = 2(L− 2)f2F2 + f2rF ′ [(h′H+ 2hH′)r + 4hH]− 4f2F [(h′H+ hH′)r − hH]− f ′2hr2FH
−f2r2F (2hH′′ + 3h′H′ + h′′H) + fr2 [F (f ′′hH+ f ′h′H+ f ′hH′)− f ′hF ′H] . (3.18)
In the following, we focus on the hairy branch satisfying the condition (2.22) by the end of this section. From Eq. (3.16)
the ghost is absent under the condition C1 > 0, which translates to
G = 1
8piGN
+
1
2
Pr2 > 0 . (3.19)
For P > 0, this condition is automatically satisfied.
The dispersion relation in the radial direction follows by substituting the solution χ = ei(ωt−kr) into Eq. (3.16) and
taking the limits of large ω and k, such that ω2C1 + k
2C2 = 0. The associated propagation speed squared in proper
time is given by c2r = (ω
2/k2)/(fh) = −(C2/C1)/(fh), i.e.,
c2r =
G
F =
1 + 4piGNPr
2
1− 4piGNPr2 . (3.20)
The Laplacian instability in the radial direction is absent for
4piGNPr
2 < 1 . (3.21)
8Provided that P . ρ, the quantity 4piGNPr2 is at most of the order of the star compactness C = GNMs/rs. Hence
the condition (3.21) is well satisfied for NSs with C . 0.3. Indeed, in the numerical simulation of Fig. 1, we confirmed
that the condition (3.21) holds inside the star. From Eq. (3.20), the radial propagation of odd-parity perturbations
is superluminal (c2r > 1) for 0 < r < rs. Around r = 0 the pressure P is given by Eq. (2.28), so that c
2
r = 1 at r = 0.
For increasing r inside the star, c2r first increases toward the superluminal region and then it starts to decrease at
some radius to approach the value c2r = 1 as r → rs.
The speed of propagation cΩ in the angular direction follows by plugging the solution of the form χ = e
i(ωt−lθ)
into Eq. (3.16) and taking the limit l → ∞. In this case the dispersion relation yields ω2C1 + C3 = 0, with
C1 '
√
hr2H2/(4f3/2G) and C3 ' −l2
√
hH/(4√f). In proper time, the propagation speed squared is given by
c2Ω = (ω
2r2/l2)/f = −C3r2/(C1l2f), so that
c2Ω =
G
H = 1 . (3.22)
Hence the Laplacian instability is absent along the angular direction, with cΩ equivalent to that of light.
As in Ref. [50], the perturbation (3.14) for l = 1 does not propagate as a dynamical degree of freedom, so there are
no additional stability conditions arising from the dipole mode.
IV. EVEN-PARITY PERTURBATIONS
Let us proceed to the stability analysis against even-parity perturbations for the multipoles l ≥ 2. We choose the
gauge in which the components hta and hab of metric perturbations hµν vanish. Then, the nonvanishing components
of hµν are given by
htt = f(r)
∑
l,m
H0(t, r)Ylm(θ, ϕ) , htr = hrt =
∑
l,m
H1(t, r)Ylm(θ, ϕ) ,
hrr = h(r)
−1 ∑
l,m
H2(t, r)Ylm(θ, ϕ) , hra = har =
∑
l,m
α(t, r)∇aYlm(θ, ϕ) , (4.1)
where H0, H1, H2, α are perturbed quantities. We also expand the scalar field in the form,
φ = φ(r) +
∑
l,m
δφ(t, r)Ylm(θ, ϕ) , (4.2)
where φ(r) is the background value, and δφ is the scalar perturbation.
For the perfect fluid, the current Jµ in the even-parity sector contains three metric perturbations δJt(t, r), δJr(t, r),
and δJ(t, r), as
Jt = J¯t +
∑
l,m
√−g¯ δJt(t, r)Ylm(θ, ϕ) , Jr =
∑
l,m
√−g¯ δJr(t, r)Ylm(θ, ϕ) , Ja =
∑
l,m
√−g¯ δJ(t, r)∇aYlm(θ, ϕ) ,
(4.3)
where J¯t = −n(r)(f(r)/
√
h(r))r2 sin θ. The intrinsic spatial vector fields Ai and Bi are chosen as Eq. (3.3) with the
perturbed components,
δAr =
∑
l,m
δA1(t, r)Ylm(θ, ϕ) , δAa =
∑
l,m
δA2(t, r)∇aYlm(θ, ϕ) , (4.4)
δBr =
∑
l,m
δB1(t, r)Ylm(θ, ϕ) , δBa =
∑
l,m
δB2(t, r)∇aYlm(θ, ϕ) . (4.5)
The density ρ in the action (2.3) is expanded as
ρ = ρ(r) + ρ,nδn+
ρ,n
2n
c2mδn
2 +O(ε3) , (4.6)
where ρ(r) is the background value, and c2m is the matter sound speed squared defined by
c2m =
nρ,nn
ρ,n
. (4.7)
9We define the matter density perturbation δρ(t, r) according to
δn =
∑
l,m
δρ(t, r)
ρ,n(r)
Ylm(θ, ϕ) . (4.8)
The θ, ϕ components of rotational-free four velocity uµ are related to the velocity potential v(t, r), as
ua =
∑
l,m
v(t, r)∇aYlm(θ, ϕ) . (4.9)
From Eq. (2.7), we have ∂a` = ρ,nua − δAa up to first order in even-parity perturbations. Integrating this relation
with respect to a on account of Eqs. (4.4) and (4.9), it follows that
` = −ρ,n(r)
√
f(r) t+
∑
l,m
[ρ,n(r)v(t, r)− δA2(t, r)]Ylm(θ, ϕ) . (4.10)
For the expansion of the total action (2.1), we perform the integral with respect to θ by setting m = 0 without loss
of generality. Following the same procedure as in Ref. [50], the nondynamical variables δA1, δA2, δB1, δB2, δJ , and
δJr can be integrated out from the second-order action of even-parity perturbations. The resulting quadratic-order
action is given by S(2)even = ∑l ∫ dtdrL, with the Lagrangian
L = H0 [a1δφ′′ + a2δφ′ + a3H ′2 + La4α′ + (a5 + La6) δφ+ (a7 + La8)H2 + La9α+ a10δρ]
+Lb1H
2
1 +H1
(
b2 ˙δφ
′
+ b3 ˙δφ+ b4H˙2 + Lb5α˙
)
+ c1 ˙δφH˙2 +H2 [c2δφ
′ + (c3 + Lc4)δφ+ Lc5α+ c˜5v˙] + c6H22
+Ld1α˙
2 + Lα (d2δφ
′ + d3δφ) + Ld4α2 + e1 ˙δφ
2
+ e2δφ
′2 + (e3 + Le4) δφ2 + Lf1v2 + f2δρ2 + f3δρ v˙ , (4.11)
where the coefficients a1 etc are given in Appendix. Variations of the Lagrangian (4.11) with respect to H0, H1, and
v lead, respectively, to
a1δφ
′′ + a2δφ′ + a3H ′2 + La4α
′ + (a5 + La6) δφ+ (a7 + La8)H2 + La9α+ a10δρ = 0 , (4.12)
2Lb1H1 + b2 ˙δφ
′
+ b3 ˙δφ+ b4H˙2 + Lb5α˙ = 0 , (4.13)
2Lf1v − f3δ˙ρ− c˜5H˙2 = 0 . (4.14)
Besides the scalar-field perturbation δφ, there are dynamical perturbations arising from the gravity and perfect-fluid
sectors. To study the propagation of latter two perturbations, we introduce the combinations [50, 69],
ψ ≡ a3H2 + La4α+ a1δφ′ , (4.15)
δρm ≡ δρ+ 2
√
f hr3f1
f3[ha3(2f − f ′r) + Lfra4]ψ
′ − hf1r
2[a1(2f − f ′r) + f2rb3]√
ff3[ha3(2f − f ′r) + Lfra4]
δφ′ . (4.16)
Taking the r derivative of Eq. (4.15), the derivatives a1δφ
′′, a3H ′2, and La4α
′ can be simultaneously eliminated from
Eq. (4.12), so that α can be expressed in terms of ψ, δφ, and δρm and their first radial derivatives. We also differentiate
Eq. (4.15) with respect to t and eliminate H˙2 in Eqs. (4.13) and (4.14) to solve for H1 and v, respectively. Substituting
these relations into Eq. (4.11), the second-order action of even-parity perturbations reduces to the form,
S(2)even =
∑
l
∫
dtdr
(
~˙X tK ~˙X + ~X ′tG ~X ′ + ~X tQ ~X ′ + ~X tM ~X
)
, (4.17)
with the dynamical perturbations,
~X t = (δρm, ψ, δφ) . (4.18)
The components of 3 × 3 matrices K, G, Q, M , which we denote Kij etc, determine the stability of stars against
even-mode perturbations.
In the following, we focus on the branch in NDC theory obeying Eqs. (2.21)-(2.24). First of all, there are no ghosts
under the following three conditions,
K11 > 0 , (4.19)
K11K22 −K12K21 > 0 , (4.20)
detK > 0 . (4.21)
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The inequality (4.19) is satisfied for
ρ+ P > 0 , (4.22)
which holds for standard baryonic matter. Under the condition (4.22), the inequality (4.20) translates to
h(L− 2) (1 + 20piGNPr2)+ 4piGNLr2 (1 + 4piGNPr2) [ρ(1 + 12piGNhPr2) + P ]
+32P 2pi2G2N(11L− 3)hr4 + 1152P 3pi3G3N(L+ 1)hr6 > 0 , (4.23)
which is trivially satisfied for l ≥ 2. As long as the conditions (2.23) and (4.22) are satisfied, the third condition (4.21)
amounts to
K ≡ ρ(3h− 1) [(L− 2)h+ 4piGNLρr2 (1 + 4piGNPr2)]+ P [h(19h− 1)(L− 2) + 8piGNρr2 {L(13h− 1)− 4h}]
+4P 2piGNr
2
[
8(L− 2)h2 + L(23h− 1)− 8h− 4piGNρr2
{
3(L− 2)h2 − L(27h− 2)− 6h}]
−16P 3pi2G2Nr4
[
27(L− 2)h2 − L(24h− 1)− 6h] > 0 . (4.24)
On using the expansions (2.26)-(2.28) around r = 0, the dominant contribution to the right-hand side of Eq. (4.24)
is given by 2(L− 2)(ρc + 9Pc), so the inequality (4.24) holds around the center of star. For increasing r, the effect of
pressure P tends to be negligible relative to the density ρ, see the left panel of Fig. 1. Around r = rs, the dominant
contribution to K in Eq. (4.24) is the first term containing ρ, i.e.,
Ks ≡ ρ(3h− 1)
[
(L− 2)h+ 4piGNLρr2
]
. (4.25)
The positivity of Ks requires that
h >
1
3
. (4.26)
For the SLy EOS used in the numerical simulation of Fig. 1, we confirmed that the no-ghost condition (4.24) holds
inside the star irrespective of the central density ρc, with h > 1/3 around r = rs. This is also the case for other NS
EOSs like FPS [62] and BSk19, 20, 21 [70].
Let us proceed to the discussion for the propagation of even-parity perturbations along the radial direction. In the
small-scale limit, the speed cr in proper time can be derived by solving
det
∣∣fhc2rK +G∣∣ = 0 . (4.27)
From Eq. (4.9) the matter velocity potential v is related to only the θ and ϕ components of uµ. Hence there is
no propagation of matter perturbations δρm in the radial direction. This property manifests itself as the vanishing
matrix components G11, G12, and G13 of G, so that the first solution to Eq. (4.27) is given by
c2r1 = 0 . (4.28)
The other two propagation speed squares are
c2r± =
α1 ±
√
α21 − α2K
K , (4.29)
where K is defined by Eq. (4.24), and
α1 =
ρ
2
(3h− 1) [(L− 2)h+ 4piGNLc2mρr2(1 + 4piGNPr2)]+ P2 [(L− 2)h(19h+ 3) + piGNρr2{24(L− 2)h2
+8(13c2m + 1)hL− 16(2c2m + 1)h− 8L(c2m − 2)}] + P 2r2piGN[r2{8(26c2m + 3)hL+ 16(4c2m − 3)h
−16L(c2m − 2)}piGNρ+ 4h2(L− 2)(23 + 6piGNρr2) + 2(23c2m + 2)hL− 8(2c2m + 1)h− 2L(c2m − 4)]
+8P 3r4pi2G2N
[
27(L− 2)h2 + (23c2m − 1)hL+ 2(4c2m + 1)h− L(c2m − 4)
]
, (4.30)
α2 = 4P (1 + 4piGNPr
2)
[
(L− 2)h(1 + 4piGNPr2) + 4piGNc2m(ρ+ P )r2{(L− 2)h+ L}
]
. (4.31)
Exploiting the background solutions (2.26)-(2.28) around r = 0, it follows that
c2r+ = 1 +O(r2) , (4.32)
c2r− =
2Pc
ρc + 9Pc
+O(r2) , (4.33)
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whose leading-order terms are both positive.
Around r = rs, the perfect fluid is in the nonrelativistic regime characterized by P/ρ 1. Then, we have
c2r+ =
(L− 2)h+ 4piGNLc2mρr2
(L− 2)h+ 4piGNLρr2 +O
(
P
ρ
)
, (4.34)
c2r− =
4(L− 2)h(1 + 4piGNc2mρr2) + 16piGNLc2mρr2
(3h− 1)[(L− 2)h+ 4piGNLc2mρr2]
P
ρ
+O
(
P 2
ρ2
)
. (4.35)
In this region, c2r+ is subluminal for 0 ≤ c2m ≤ 1 and approaches 1 as r → rs. We note that cr+ corresponds to the
propagation speed of the gravitational perturbation ψ, which smoothly joins the external value 1 at r = rs. On the
other hand, cr− is the speed of the scalar-field perturbation δφ. Provided that h > 1/3, c2r− is positive around the
surface of star and approaches +0 as r → rs.
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FIG. 2. The radial propagation speed squares c2r+ and c
2
r− versus r/rs in NDC theory with the branch (2.21). We choose the
SLy EOS with the central densities ρc = 5ρ0 (left) and ρc = 15ρ0 (right).
In Fig. 2, we depict c2r+ and c
2
r− versus r/rs for the SLy EOS with two different central densities ρc. As estimated
from Eq. (4.32), c2r+ is close to 1 in the region r/rs  1. For ρc = 5ρ0, c2r+ is in the range 0 < c2r+ ≤ 1 inside the star
and approaches 1 as r → rs. For ρc = 15ρ0, c2r+ is superluminal at small radius, but it becomes subluminal around
0.41rs and then reaches the value 1 at r = rs. The other propagation speed squared c
2
r− is in good agreement with
the analytic estimation (4.33) around r = 0. As r increases from 0, c2r− first grows and begins to decrease toward the
value +0 at the surface. In Fig. 2, we can confirm that both c2r+ and c
2
r− are positive throughout the star interior, so
the Laplacian instabilities of perturbations ψ and δφ are absent along the radial direction.
The propagation speed cΩ in the angular direction is related to the matrixM in Eq. (4.17) as a coefficient containing
the term L. This can be obtained by solving
det
∣∣l2fc2ΩK + r2M ∣∣ = 0 , (4.36)
with the limit l→∞. One of the solutions to Eq. (4.36) is the matter sound speed squared, i.e.,
c2Ω1 = c
2
m . (4.37)
The other two propagation speed squares are given by
c2Ω± =
β2 ±
√
β22 − 4β1β3
2β1
, (4.38)
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where
β1 = h(3h− 1)ρ
(
4h− 1 + 16piGNρr2
)− h [ρ+ P − h(3ρ+ 19P )] + Ph (76h2 − 23h+ 1)− 16PpiGNhr2[2ρ+ P
−h {26ρ+ P (8h+ 23)}]− 64Ppi2G2Nhr4
[
3P (ρ+ 9P )h2 − (ρ+ P ){(3h− 1)ρ+ (24h− 1)P}] , (4.39)
β2 = ρ
[
h(3h+ 1)(5h− 3) + 12piGN(h2 − 1)ρr2
]
+ Ph
(
83h2 + 8h− 3)+ 8ρPpiGNr2[13h2 + 6h− 3
+6piGN(h
2 − 1)ρr2] + 4P 2piGNr2
[
16h3 + 39h2 + 12h− 3− 12piGNρr2(5h3 − 10h2 − 5h+ 2)
]
−16P 3pi2G2Nr4
(
99h3 + h2 − 15h+ 3) , (4.40)
β3 = h
[
(3ρ+ 7P )h2 + 12Ph− 3(ρ+ P )]− 16P 2piGNhr2[piGNr2{3ρ(h2 − 1) + P (27h2 + 4h+ 1)}
+4h(h− 1)] . (4.41)
On using the background solutions (2.26)-(2.28) around r = 0, it follows that
c2Ω+ = 1 +O(r2) , (4.42)
c2Ω− =
2Pc
ρc + 9Pc
+O(r2) , (4.43)
whose leading-order terms are the same as Eqs. (4.32) and (4.33), respectively.
Around r = rs, applying the approximation P/ρ 1 to Eq. (4.38) gives
c2Ω+ =
h
h+ 4piGNρr2
+O
(
P
ρ
)
, (4.44)
c2Ω− = −
3(1− h2)
4h(3h− 1) +O
(
P
ρ
)
. (4.45)
The propagation speed squared (4.44), which corresponds to that of the perturbation ψ, is subluminal and approaches
1 as r → rs. On the other hand, the leading-order term of Eq. (4.45), which is associated with the propagation of δφ,
is negative for 1/3 < h < 1. On the star surface, we have
c2Ω−(rs) = −
3C(1− C)
2(1− 3C)(1− 2C) , (4.46)
where C = GNMs/rs is the compactness. For compact objects satisfying the condition,
0 < C < 1
3
, (4.47)
it follows that c2Ω−(rs) < 0. This means that, even though c
2
Ω− > 0 around r = 0, the sign of c
2
Ω− changes to negative
at some radius inside the star.
In Fig. 3, we plot c2Ω+ and c
2
Ω− versus r/rs for the SLy EOS with ρc = 5ρ0 (left) and the BSk19 EOS with ρc = 15ρ0
(right). For the latter, we use analytic representations of the EOS given in Ref. [70]. As estimated from Eqs. (4.42)
and (4.44), c2Ω+ approaches 1 in both limits r → 0 and r → rs, with the stability condition c2Ω+ > 0 satisfied inside
the star. The value of c2Ω− around r = 0 is given by c
2
Ω− ' 2Pc/(ρc + 9Pc) > 0, but it enters the region c2Ω− < 0 at a
distance r∗. In the numerical simulation of Fig. 3, this critical distance is r∗ = 0.479rs (left) and r∗ = 0.481rs (right).
In Fig. 3, we observe that c2Ω− exhibits some small increase around the star surface, but c
2
Ω− is negative in the region
r∗ < r ≤ rs. The star compactness in Fig. 3 is given by C = 0.148 (left) and C = 0.276 (right), in which cases the
analytic estimation (4.46) gives c2Ω−(rs) = −0.483 (left) and c2Ω−(rs) = −3.89 (right), respectively. They are in good
agreement with the numerical values of c2Ω− at r = rs. Hence there are Laplacian instabilities of the field perturbation
δφ along the angular direction in the region close to the surface of star. This means that the background field profile
φ = φ(r) satisfying the relation (2.22) is unstable against even-parity perturbations for large l modes.
In the left panel of Fig. 4, we depict the numerical values of c2Ω−(rs) versus the compactness C for the SLy and
BSk20 EOSs. They are obtained by choosing different central densities ρc in the range ρ0 ≤ ρc ≤ 50ρ0. We confirm
that the analytic value of c2Ω−(rs) in Eq. (4.46), which depends on C alone, is in good agreement with the numerical
results. For increasing ρc, C first increases with the decrease of c2Ω−(rs), but there is the saturation for the growth of
C. As we observe in the right panel of Fig. 4, the compactness corresponding to the SLy EOS reaches a maximum
value Cmax = 0.3159 around ρc = 34ρ0. This situation is similar for other EOSs, with different maximum values of
C, e.g., the BSk20 EOS gives Cmax = 0.3251. Since Cmax is smaller than 1/3 for the five EOSs used in Fig. 4, we
have c2Ω−(rs) < 0 for any central density ρc. Indeed, the left panel of Fig. 4 shows that, irrespective of the EOSs,
c2Ω−(rs) is solely determined by the compactness C and that the Laplacian instability is generally present for C < 1/3.
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FIG. 3. (Left) The angular propagation speed squares c2Ω+ and c
2
Ω− versus r/rs in NDC theory with the branch (2.21). We
choose the SLy EOS with ρc = 5ρ0 (left) and the BSk19 EOS with ρc = 15ρ0 (right).
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FIG. 4. (Left) The angular propagation speed squared c2Ω− at r = rs versus the star compactness C in NDC theory with
the branch (2.21). The solid black and dashed red lines correspond to the SLy and BSk20 EOSs, respectively. (Right) The
compactness C versus ρc/ρ0 for the SLy, FPS, BSk19, BSk20, BSk21 EOSs. We also show the border C = 1/3 as a dashed line.
For the five EOSs with any central density ρc, C is smaller than 1/3.
This means that not only relativistic but also nonrelativistic stars (C  1) in NDC theory are prone to the Laplacian
instability along the angular direction.
There may be some specific NS EOSs leading to C larger than 1/3. In this case, however, the metric component h
is smaller than 1/3 at r = rs. Then, the term Ks of Eq. (4.25), which is the dominant contribution to K in Eq. (4.24)
around r = rs, becomes negative and hence there is the ghost instability. This implies that, even for C > 1/3, the
solutions are plagued by the appearance of ghosts. Thus, we showed that the hairy compact objects in NDC theory
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are generally subject to instabilities of even-parity perturbations.
V. CONCLUSIONS
We studied the stability of relativistic stars in NDC theory given by the action (2.1) with the coupling (2.2). We
dealt with baryonic matter inside the star as a perfect fluid described by the action (2.3). Besides the GR branch
characterized by φ′(r) = 0, there is a nontrivial solution endowed with a scalar hair inside compact objects. Since
the field derivative φ′ is related to the matter pressure P according to Eq. (2.22), the radius rs and mass Ms of star
for the latter branch are determined by integrating Eqs. (2.13), (2.21), and (2.24) for a given EOS. In comparison to
GR, the mass-radius relation shifts to the region with smaller values of rs and Ms.
In Sec. III, we first discussed the propagation of odd-parity perturbations on the static and spherically-symmetric
background. For the multipoles l ≥ 2 the second-order action reduces to the form (3.15), with a single dynamical
perturbation χ given by Eq. (3.14). For the scalarized branch in NDC theory, the stability against odd-parity
perturbations requires that 4piGNPr
2 < 1, which is well satisfied for NSs with the compactness C . 1/3. Under this
condition the radial propagation speed cr in the odd-parity sector is superluminal, while the angular propagation
speed cΩ is equivalent to that of light.
In Sec. IV, we analyzed the stability of hairy NS solutions in NDC theory against even-parity perturbations. In
this sector, there are three dynamical degrees of freedom, i.e., matter perturbation δρm, gravitational perturbation
ψ, and scalar-field perturbation δφ. Under the weak-energy condition ρ+P > 0, the ghost is absent for K > 0, where
K is given by Eq. (4.24). The numerical simulations for several different EOSs showed that K is positive throughout
the star interior. For the radial propagation in the even-parity sector, the speed cr1 associated with δρm vanishes by
reflecting the fact that the matter velocity potential is related to the θ, ϕ components of four velocity. The other two
propagation speed squares c2r± are both positive, so the Laplacian instabilities are absent for the radial propagation
of perturbations ψ and δφ.
Along the angular direction, the matter perturbation propagates with the sound speed squared c2m given by Eq. (4.7).
The gravitational perturbation ψ has a positive propagation speed squared c2Ω+. However, we showed that the speed
squared c2Ω− of δφ in the angular direction becomes negative around the surface of star with the compactness C smaller
than 1/3. In particular, the value of c2Ω− at r = rs is solely determined by the compactness C, see Eq. (4.46). By
choosing five different NS EOSs, we showed that the Laplacian instability associated with negative values of c2Ω− is
always present, with C < 1/3. Even for some specific EOS leading to C > 1/3, the ghost in the even-parity sector
appears around the surface of star. These results imply that, among the two possible branches of Eq. (2.20), the GR
solution with φ′ = 0 is chosen as a stable star configuration.
These generic instabilities of hairy solutions in NDC theory are mostly attributed to the nonstandard angular
propagation of scalar-field perturbation δφ. The propagation is modified by adding a canonical kinetic term X in the
action (2.1), but in this case the no-hair theorem of Ref. [51] states that there is only the GR branch with φ′ = 0.
Hence the hairy NS solutions disappear in the presence of the standard kinetic term. The other possibility for allowing
the existence of a nontrivial branch with φ′ 6= 0 is to add noncanonical kinetic terms like X2 or the cubic Galileon
Lagrangian Xφ to the action (2.1). It will be of interest to study whether stable hairy star solutions exist or not in
such generalized theories. This is left for a future work.
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APPENDIX: SECOND-ORDER ACTION OF EVEN-PARITY PERTURBATION
For NDC theory given by the action (2.1) with (2.2), the coefficients in the second-order action (4.11) are given by
a1 = η
√
fh3/2rφ′, a2 =
η
2
√
fh [2hrφ′′ + (1 + h+ 3rh′)φ′] , a3 = −r
√
fh
(
1
16piGN
+
3
4
ηhφ′2
)
,
a4 =
√
fh
(
1
16piGN
+
1
4
ηhφ′2
)
, a5 = 0, a6 = − η
4r
√
f
h
[2hrφ′′ + φ′ (rh′ + 2h)] ,
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a7 = a
′
3 −
r2
2
f1, a8 = − a4
2h
, a9 = a
′
4 +
(
1
r
− f
′
2f
)
a4, a10 =
r2
2
√
f
h
,
b1 =
a4
2f
, b2 = − 2
f
a1, b3 =
2
f
(a′1 − a2) , b4 = −
2
f
a3, b5 = −2b1,
c1 = − a1
fh
, c2 = −η
2
√
h
f
φ′ [3hrf ′ + (3h− 1)f ] , c3 = 0, c4 = η
4
√
h
f
φ′
(
f ′ +
2f
r
)
,
c5 = −
(
f ′
2
+
f
r
)√
h
f
(
1
16piGN
+
3
4
ηhφ′2
)
, c˜5 =
r2f1√
f
, c6 =
√
h
{
rf ′ + f + 4ηpiGNφ′2[6h(rf ′ + f)− f ]
}
32piGN
√
f
,
d1 = b1, d2 = 2hc4, d3 = −ηh
3/2φ′√
fr2
(rf ′ + f) , d4 =
a4
r2
, e1 = −η rh
′ + h− 1
2
√
fh
,
e2 =
η
2
√
h
f
[hrf ′ + (h− 1)f ] , e3 = 0, e4 = η 2f(hrf
′′ + fh′)− f ′(hrf ′ − frh′ − 2fh)
8rf3/2
√
h
,
f1 = −ρ+ P
2
√
f
h
, f2 = − c
2
mr
2
2(ρ+ P )
√
f
h
, f3 = − r
2
√
h
. (A.1)
Since we did not specify the branches of background solutions, these coefficients are valid for both NDC theory (η 6= 0)
and GR (η = 0).
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